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Abstract
We investigate the effect of an external gravitational fields to the chiral symmetry breaking in the
SUSY (supersymmetric) NJL (Nambu-Jona-Lasinio) model non-minimally interacting with external
supergravity. Evaluating the effective potential in the leading order of the 1/Nc-expansion and in
the linear curvature approximation it is found the possibility of the chiral symmetry breaking in the
SUSY NJL model in an external gravitational fields. In the broken phase the dynamically generated
mass is analytically and numerically calculated.
PACS : 04.62.+v, 04.65.+e, 11.30.Qc, 12.60.Jv
∗e-mail : josephb@tspi.tomsk.su
†e-mail : inagaki@icrr.u-tokyo.ac.jp
‡e-mail : sergei@ecm.ub.es, odintsov@quantum.univalle.edu.co
1
It is quite old idea [1] that dynamical symmetry breaking in quantum field theory maybe realized
without elementary scalars. For example, the chiral symmetry breaking may occur due to formation
of the vacuum condensate of composite fermion bound states. Such bound states may play the role of
elementary scalar fields in the standard model, or the role of the inflaton in the inflationary models of
the early universe where gravitational effects are quite essential.
Recently, there was some activity (see Ref. [2] for a review) on the study of dynamical symmetry
breaking in four-fermion models in curved spacetime. The phase structure of such a theory has been
carefully investigated. Depending on the model and spacetime under consideration the possibility of
curvature induced phase transition has been found. The dynamical generation of fermion mass has been
discussed in all detail. Note, however, that in Ref. [2] only non-supersymmetric four-fermion models
under the action of the external gravitational field have been discussed.
The interesting question is what happens with the SUSY NJL model in an external (super) grav-
itational field. It is known that in flat spacetime [3] SUSY NJL model does not show the dynamical
symmetry breaking. Hence, could we expect that external (super) gravitational field could be the source
of phase transitions in SUSY NJL model? In the present paper we will make the attempt to answer
above question.
We will start with the action of SUSY NJL model in an external supergravitational background. This
model can be considered as local supersymmetry generalization of the model given in Ref. [3]:
S =
∫
d8zE−1
[
Q¯Q+ Q¯cQc +G(Q¯cQ)(Q¯Qc) + ξ¯1(Q¯Q) + ξ¯2(Q¯
cQc)
]
, (1)
where chiral superfields Qα, Qcα carry the color index α = 1, · · · , Nc and belong to the representations of
SU(Nc), E = BerE
A
M , E
A
M is supertetrade, ξ¯1 and ξ¯2 are non-minimal coupling constants of SUSY NJL
model with external supergravity. We follow the notation of book [5]. Note also that there exists more
general form of non-minimal interaction above SUSY theory with supergravity but we consider only a
simplest variant.
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After the standard introduction of auxiliary superfields§ and rewriting the action (1) in component
fields we will limit ourselves to purely gravitational background. In the leading order of the 1/Nc-
expansion the spinor auxiliary fields4 are dropped away since they may contribute only to next-to-leading
order terms in the 1/Nc-expansion. Then the action to start with takes the form:
S =
∫
d4x
√−g
[
−φ†(∇µ∇µ + ρ2 + ξ1R)φ− φc†(∇µ∇µ + ρ2 + ξ2R)φc
+ψ¯(iγµ∇µ − ρ)ψ − 1
G
ρ2
]
.
(2)
where ρ2 = σ2+pi2 is an auxiliary scalar as in the original NJL model, ψ is Nc component Dirac spinor,
ξ1 = (1 + ξ¯1)/6, ξ2 = (1 + ξ¯2)/6. The minimal interaction with external super gravity corresponds to
ξ1 = ξ2 = 1/6. The start point action has the chiral symmetry. If the auxiliary field ρ develops the
non-vanishing vacuum expectation value, 〈ρ〉 = m 6= 0, the fermion ψ and the scalar φ acquire the
dynamical mass m and the chiral symmetry is eventually broken.
To find the phase structure of the model given by action (2) we introduce an effective potential. To
evaluate the effective potential ones start with generating functional of Green functions.
Z =
∫
DψDψ¯Dρ eiS
=
∫
Dρ Det(iγ
µ∇µ − ρ)
Det(∇µ∇µ + ρ2 + ξ1R)(∇µ∇µ + ρ2 + ξ2R) exp i
∫
d4x
√−g
(
− 1
G
ρ2
)
=
∫
Dρ exp i
[∫
d4x
√−g
(
− 1
G
ρ2
)
− iln Det(iγµ∇µ − ρ)
+iln Det(∇µ∇µ + ρ2 + ξ1R) + iln Det(∇µ∇µ + ρ2 + ξ2R)
]
.
(3)
An internal line of the ρ-propagator has no contribution in the leading order of the 1/Nc-expansion.
Assuming that the ρ is slowely variating field and applying the 1/Nc-expansion method the effective
potential for ρ is found to be
V (ρ) =
1
G
ρ2 + itr ln(iγµ∇µ − ρ)− itr ln(∇µ∇µ + ρ2 + ξ1R)− itr ln(∇µ∇µ + ρ2 + ξ2R) +O
(
1
N
)
. (4)
Using the two-point Green functions the effective potential is rewritten as
V (ρ) =
1
G
ρ2 − itr
∫ ρ
0
ds S(x, x; s)− 2i
∫ ρ
0
sds [G1(x, x; s) +G2(x, x; s)] +O
(
1
N
)
, (5)
§ We use the term auxiliary superfields in a sense acceptable in Nambu-Jona-Lasinio and Gross-Neveu models. Auxiliary
fields here mean the fields what are introduced to simplify a form of interactioin and define the composite fields the average
values of which play a role of order parameters. These auxiliary (super) fields have no relation to auxiliary component
fields which are used in supersymmetric field theories.
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where S(x, x; s) and Gi(x, x; s) are the spinor and scalar two-point functions respectively satisfying the
equations
(iγµ∇µ − s)S(x, y; s) = 1√−g δ
4(x, y), (6)
(∇µ∇µ + s2 + ξiR)Gi(x, y; s) = 1√−g δ
4(x, y). (7)
Here it should be noted that the effective potential (5) is normalized as V (0) = 0.
We will evaluate the effective potential taking into account the terms up to linear curvature and using
local momentum representation of propagators (see Ref. [2, 4] for a review). The scalar and spinor
two-point functions in this approximation have the forms
S(x, x; s) =
∫
d4p
(2pi)4
[
γapa + s
p2 − s2 −
1
12
R
γapa + s
(p2 − s2)2
+
2
3
Rµνpµpν
γapa + s
(p2 − s2)3 +
1
4
γaσcdRcdaµp
µ 1
(p2 − s2)2
]
+O(R;µ, R2) .
(8)
Gi(x, x; s) =
∫
d4p
(2pi)4
[
− 1
p2 − s2 +
(
1
3
− ξi
)
R
(p2 − s2)2 −
2
3
Rµνpµpν
(p2 − s2)3
]
+O(R;µ, R2) . (9)
Inserting Eqs.(8) and (9) into Eq.(5) the effective potential reads
V (ρ) =
1
G
ρ2 − 4i
∫ ρ
0
sds
∫
d4p
(2pi)4
[
1
p2 − s2 −
1
12
R
1
(p2 − s2)2 +
2
3
Rµνpµpν
1
(p2 − s2)3
]
+2i
∫ ρ
0
sds
∫
d4p
(2pi)4
[
2
p2 − s2 −
(
2
3
− ξ1 − ξ2
)
R
1
(p2 − s2)2 +
4
3
Rµνpµpν
1
(p2 − s2)3
]
=
1
G
ρ2 + 2i
(
1
6
− 2
3
+ ξ1 + ξ2
)
R
∫ ρ
0
sds
∫
d4p
(2pi)4
1
(p2 − s2)2 +O
(
1
N
)
.
(10)
Thus for ξ1 + ξ2 = 1/2 the fermion loop contribution is cancelled with the boson loop contribution. In
this case the chiral symmetry is not broken down even in curved spacetime. To evaluate the integration
in Eq.(10) we perform the Wick rotation p0 → ip0
I = iR
∫ ρ
0
sds
∫
d4p
(2pi)4
1
(p2 − s2)2 → −R
∫ ρ
0
sds
∫
d4p
(2pi)4
1
(p2 + s2)2
. (11)
Applying the Schwinger proper time method [8] I is rewritten as
I = −R
∫ ρ
0
sds
∫
d4p
(2pi)4
∫ ∞
0
tdt e−t(p
2+s2) =
R
2(4pi)2
∫ ∞
0
dt
1
t2
(
e−tρ
2 − 1
)
. (12)
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Figure 1: Behaviour of the effective potential at f(ξ1, ξ2)RG = 10, 0,−10.
Since the integration over t is divergent around t ∼ 0, we introduce the proper time cut-off Λ and find
I → R
2(4pi)2
∫ ∞
1/Λ2
dt
1
t2
(
e−tρ
2 − 1
)
=
R
2(4pi)2
[
ρ2Ei
(
− ρ
2
Λ2
)
+ Λ2(e−ρ
2/Λ2 − 1)
]
, (13)
where Ei(−x) is the exponential-integral function which is defined by
Ei(−x) = −
∫ ∞
x
dt
e−t
t
= lnx+ γ +
∞∑
n=1
(−x)n
n · n! < 0 ; (x > 0). (14)
Hence the effective potential in the leading order of the 1/Nc-expansion for the supersymmetric NJL
model in curved spacetime reads
V (ρ) =
1
G
ρ2 − R
(4pi)2
f(ξ1, ξ2)
[
ρ2Ei
(
− ρ
2
Λ2
)
+ Λ2(e−ρ
2/Λ2 − 1)
]
, (15)
where f(ξ1, ξ2) is
f(ξ1, ξ2) =
1
2
− ξ1 − ξ2. (16)
The ground state of the system corresponds to the minimum of the effective potential. To find the
ground state we calculate the effective potential numerically with varying the f(ξ1, ξ2)RG. In Fig. 1 we
show the typical behaviour of the effective potential (15) at f(ξ1, ξ2)RG = 10, 0,−10.
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In flat spacetime R = 0 the effective potential (15) takes a very simlpe form of quadratic function. It
is evident that the minimum of the effective potential will be only at ρ = 0 for arbitrary quntities of the
nonminimal coupling parameters. This situation is illustrated by Fig. 1 at f(ξ1, ξ2)RG = 0.
For f(ξ1, ξ2)RG > 0 taking into account the property (14) of the exponential-integral function we see
that the effective potenial (15) is non-negative and takes minimum at ρ = 0. This situation is illustrated
by Fig. 1 at f(ξ1, ξ2)RG = 10.
As is seen in Fig. 1 the chiral symmetry is broken down for f(ξ1, ξ2)RG = −10. To understand the
phase structure of the SUSY NJL model for a negative f(ξ1, ξ2)RG we will analyse the effective potential
more precisely. The dynamically generated mass m of fermion ψ and scalar φ is given by the value of ρ
at the minimum of the effective potential. Stationary condition for the effective potential (15) is given
by
∂V (ρ)
∂ρ
= ρ
[
2
G
− 2R
(4pi)2
f(ξ1, ξ2)Ei
(
− ρ
2
Λ2
)]
= 0. (17)
Thus the dynamical mass m = 〈ρ〉 satisfies
16pi2
RG
= f(ξ1, ξ2)Ei
(
−m
2
Λ2
)
< 0. (18)
This equation has a solution only for a negative f(ξ1, ξ2)RG. In Fig.2 the dynamically generated mass
is plotted as a function of f(ξ1, ξ2)RG. The dynamical mass m = 〈ρ〉 which corresponds to the order
parameter smoothly disappears as the f(ξ1, ξ2)RG increases.
The critical curvature Rcr which divides the symmetric phase and the broken phase is given by the
curvature where the order parameter m disappears. If we take the limit m/Λ→ 0 in Eq.(18), we find
RG =
16pi2
f(ξ1, ξ2)
[
ln
m2
Λ2
+ γ +O
(
m2
Λ2
)]−1
→ 0 (f(ξ1, ξ2) 6= 0). (19)
Due to the stability of the ground state the coupling G must be real and positive (see Fig.1). Hence the
critical curvature is given by Rcr = 0 and the chiral symmetry is broken down for an arbitrary negative
f(ξ1, ξ2)R.
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Figure 2: Behaviour of the dynamically generated mass m with varying the f(ξ1, ξ2)RG.
For m/Λ≪ 1 the dynamical mass m is obtained by
m2 = Λ2
[
exp
(
16pi2
f(ξ1, ξ2)RG
− γ
)
+O
(
m2
Λ2
)]
. (20)
The dynamical mass is suppressed exponentially for a small negative f(ξ1, ξ2)RG.
Thus it is found that the chiral symmetry is broken down for an arbitrary negative f(ξ1, ξ2)R in SUSY
NJL model within our approximation. For ξ1+ξ2 < 1/2 the broken phase is realised in a spacetime with
an arbitrary negative curvature and the symmetric phase is realized for an arbitrary positive curvature.
On the other hand there is only the broken phase in positive curvature spacetime and the symmetric
phase at a negative curvature for ξ1+ ξ2 > 1/2. In both cases the critical curvature is given by Rcr = 0.
Note finally that there are few possibilities to generalize the results of the present work. First of all,
it could be interesting to study phase structure of SUSY NJL model on non-trivial supergravitational
background (with non-zero gravitino). Second, it could be interesting to investivate the gauged SUSY
NJL model where compositeness conditions a la Bardeen-Hill-Lindner [6] maybe implemented. That
could lead to the formulation of compositeness condition for ξ1 and ξ2 which presumbly should be given
by asymptotically (super) conformal invariant values. [4, 7]
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